We generalize to the Kerr spacetime existing self-force results on tidal invariants for particles moving along circular orbits around a Schwarzschild black hole. We obtain linear-in-mass-ratio corrections to the quadratic and cubic electric-type invariants and the quadratic magnetic-type invariant in series of the rotation parameter up to the fourth order. We then construct the eigenvalues of both electric and magnetic tidal tensors and analytically compute them through high post-Newtonian orders.
I. INTRODUCTION
Consider the general relativistic description of a twobody system in the case in which one body is spinning (say, with mass m 2 and spin S 2 = m 2 a 2 ) and the other is nonspinning, with mass (say m 1 ) much smaller than that of the companion, i.e., m 1 ≪ m 2 . In this situation, the small body affects the gravitational field generated by the large body (which can be identified with a background Kerr spacetime with parameters m 2 and a 2 ) by introducing a first-order perturbation proportional to the mass ratio q = m 1 /m 2 of the two bodies, conveniently studied by using the Teukolsky formalism. With the aid of standard techniques one obtains the full perturbed metric, which is then suitably regularized and reconstructed along the world line of the small body and used to compute gauge-invariant quantities associated with physical observables.
Up to now it has been possible to compute in a Kerr spacetime with high accuracy (i.e., to a high post-Newtonian (PN) order) the corrections to gaugeinvariant quantities which are continuous across the world line of the small body, namely its gravitational redshift in the field of the companion both in the case of circular and eccentric equatorial orbits [1] [2] [3] [4] [5] . Using instead the Schwarzschild spacetime as a background, a number of gauge-invariant quantities generally discontinuous across the particle's world line has already been analytically computed, including the precession rate of a test gyroscope and the tidal curvature invariants (i.e., the tensorial contraction of the electric and magnetic parts of the Riemann tensor associated with natural observers) [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] .
Another natural description of the two-body problem is the Hamiltonian one, where one solves the equations of motion in PN sense, order by order, starting from the flat background where the two bodies live. Their mutual interaction generates dynamical corrections to the associated gravitational potentials, equivalent to curvature effects in perturbation theory. There exists a direct correspondence between these two points of view, so that new results from black hole perturbations can be converted in the Hamiltonian formalism (e.g., improving the knowledge of the gravitational potentials).
Among the various coordinate-based Hamiltonian approaches (e.g., Arnowitt-Deser-Misner (ADM) coordinates and Harmonic coordinates), the so called "effective one-body" (EOB) model [16, 17] -in short, a properly partially PN-resummed Hamiltonian model-has proven to be very efficient (and incredibly fast in comparison with full numerical relativity simulations) in following all the dynamics of the two bodies up to their merging. More the 250 thousands of EOB-based waveform templates have been generated in the analysis of the recently discovered gravitational wave signals by the LIGO and VIRGO detectors [18] [19] [20] [21] . So far, translating into EOB new results from Kerr perturbations has been an important contribution of GSF in the last few years, although mainly orbital effects have been taken into account. The presence of spin in fact requires some care in the modeling of the "effective" interaction and different EOB models with spin exist in the literature [22, 23] .
The contribution of the present work is the analytical computation of linear-in-mass-ratio corrections to the quadratic and cubic electric-type and the quadratic magnetic-type tidal invariants for particles moving along circular equatorial orbits in a Kerr spacetime, generalizing previous results for a non-spinning black hole [10] [11] [12] [13] [14] [15] . We will follow a a well established procedure based on Teukolsky formalism and metric completion in a radiation gauge (see, e.g., Refs. [2] [3] [4] and references therein). Therefore, we will limit ourselves to provide the final result with a minimum of related details. This work continues some recent achievements on tidal invariants of Refs. [24, 25] , where GSF corrections to them have been computed in the case of spinning bodies on circular orbits as well spinless particles on slightly eccentric orbits around a Schwarzschild black hole.
II. KERR METRIC, PERTURBATIONS AND TIDAL INVARIANTS
The Kerr metric with signature −2 and parameters m 2 and a 2 = a (withâ = a/m 2 dimensionless) written in Boyer-Lindquist coordinates reads
where
Let the perturbation be associated with a spinless particle of mass m 1 moving along a circular equatorial geodesic orbit at r = r 0 , with four velocity
Here ζ is the constant angular velocity and Γ = u t is a normalization factor (u α u α = 1), whose unperturbed values (denoted by a bar) are the following
where u = m 2 /r is the dimensionless inverse radius of the orbit. The constant vector k generates a helical symmetry which is assumed to be a property of the (regularized) perturbed spacetime
namely k is supposed to be a Killing vector for the perturbed spacetime (it is also a Killing vector of the background spacetime, being a combination of ∂ t , generating time translations, and ∂ φ , generating the rotational symmetry about the spin axis of the black hole). The particle is characterized by its energy-momentum tensor
where 
, evaluated along the world line of the perturbing body. Introducing the dimensionless frequency parameter
the previous equation can then be inverted to give
which is used to reexpress the radius of the orbit in terms of a gauge-invariant variable.
A. Tidal invariants
We briefly recall below how to define the tidal potentials for a system of N gravitationally interacting bodies through an effective action approach, as discussed in Ref. [10] . For point-mass objects with four velocities u α A = dx α A /dτ A such a description is performed in terms of the action
A is the regularized proper time along the world line x µ A (τ A ) of body A. For extended objects, we have that each body feels the gravitational field of the whole system [26] [27] [28] [29] , undergoing tidal effects which can be computed by adding other nonminimal couplings to S 0 , involving higher-order derivatives of the field evaluated along the world line of each body (see, e.g., Ref. [30] and references therein). The latter can be expressed in terms of the gravitoelectric
tidal tensors associated with the body A, which are symmetric and trace-free.
The most general world line non-minimal action has then the form [10, [28] [29] [30] [31] [32] 
with
We will consider here only the invariants associated with the quadrupolar electric-type and magnetic-type tidal tensors G ab , H ab , related as follows to the spatial components of the "electric" and "magnetic" parts of the Riemann tensor
where E(u A ) αβ and B(u A ) αβ are defined as
the symbol * denoting the spacetime dual of a tensor. The associated non-minimal world line action (2.13) of the body 1 then reads
where we have set G = c = 1. Hereafter, we will omit the body label A = 1 to ease notation.
In the present paper we compute first-order GSF corrections to the quadratic tidal-electric and tidal-magnetic invariants Tr [E(u)] 2 and Tr [B(u)] 2 as well as to the cubic tidal-electric invariant Tr [E(u)] 3 , and evaluate the eigenvalues of the tidal tensors E(u) and B(u). For convenience, we will work with their rescaled counterparts
with associated invariants
III. GSF COMPUTATION OF TIDAL INVARIANTS
The first-order self-force (1SF) accurate expansions of the electric-type and magnetic-type tidal invariants (2.18) read
denote the corresponding unperturbed values, with u = y/(1 −ây 3/2 ) 2/3 . The expressions of the first order corrections δ e 2 , δ b 2 and δ e 3 in terms of the components of the perturbed metric and their derivatives are listed in Appendix. Their regularized values are given by the convergent series [11] 
3)
and the "subtraction term" is of the form
0 (y) and similarly for b 1 (y). It is known that the regularization procedure comprises several subtleties related to the fact that one should actually subtract the full Detweiler-Whiting singular field (see, e.g., Ref. [33] and references therein), implying in general the existence of various regularization parameters (A, B, C, D, etc.). We take left-right averages across the particle's world line and only subtract the B-term, which is enough to have a convergent series. The completion of the metric then requires the contribution of nonradiative multipoles l = 0, 1, which has been recently obtained in Ref. [34] .
We will omit showing explicitly the final results for δ e 2 , δ b 2 and δ e 3 after regularization, focusing only on the associated eigenvalues of the tidal tensors.
A. Eigenvalues
The eigenvalues of the tidal-electric and tidal-magnetic quadrupolar tensors m
where we have used their traceless property, and the existence of a zero eigenvalue of B(u) [12] . They are related to the eigenvalues σ (E) a and σ (B) of the rescaled tidal tensors E(k) and B(k) by
where Γ = 1 +âu
with u = y/(1 −ây 3/2 ) 2/3 and the 1SF expansion δU (y) has been derived in our previous work [3] .
As usual, we will write
where the unperturbed (0SF) values are
is lost. We also use the notation 11) and similarly for the others.
The Schwarzschild values λ In order to associate a theoretical error to our analytical expressions we follow the discussion of Ref. [11] (see, e.g., Eq. (4.18) there). The 1SF corrections to the eigenvalues are given as series expansion with respect to the black hole rotation parameterâ, so that we expect that each term generally diverges at the Schwarzschild lightring y = 1/3. Therefore, we use the following estimate of the theoretical error [11] 16) where N is the maximum power appearing in the PN expansion of each term λ 1SF a n i , and a N is an adjustable parameter which can be suitably chosen in order to improve the agreement with numerical data, if available. In this case no numerical data exist and hence we assume it to be zero. Furthermore, the (positive) coefficients C N + (0.1) ≈ −0.0003077. This estimate can be also checked by considering the various successive PNapproximants and identifying the digits which stabilize as the PN order increases, as summarized in Table 1 . Similar considerations hold for the other coefficients λ 1SF a n i .
IV. CONCLUDING REMARKS
We have computed the first-order GSF corrections to both the electric-type and magnetic-type tidal eigenvalues for particles moving along circular orbits in a Kerr spacetime, generalizing previous results valid for the Schwarzschild case. The computation is performed as a power series of the black hole rotation parameterâ (up to O(â 4 ) included) and through a high-PN order in terms of the gauge-invariant frequency variable y.
These results are ready to be converted into other formalisms, like the EOB model, entering the S 1 corrections to the tidal part of the Hamiltonian, eventually Padé-resummed. However, this would require a specific treatment which goes beyond the scopes of the present paper. We will leave it for future works. 
